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Overview

® The operational semantics of programming
languages can be given inductively.

* Type checking
* Expression evaluation
e Command execution, including concurrency

® Properties of the semantics are frequently proved
by induction.

® Running example: an abstract language with WHILE




Language Syntax

typedecl loc -- "an unspecified type of locations"”

type synonym val nat -- "values”

type synonym state "loc => val"”

type synonym aexp "state => val”

type synonym bexp "state => bool" "functions on states”

datatype
com = SKIP
Assign loc aexp : " 60)
Semi com com " [60, 60] 10)
Cond bexp com com THEN ELSE " 60)

While bexp com DO " 60)




Language Syntax

typedecl loc -- "an unspecified type of locations”

type synonym val nat -- "values”
type synonym state "loc => val”

type synonym aexp state => val”
type synonym bexp se => bool"” —-- "functions on states'

Arithmetic & boolean expressions
are functions over the state

datatype
com = SKIP
Assign loc aexp : " 60)
Semi com com " [60, 60] 10)
Cond bexp com com THEN ELSE " 60)

While bexp com DO " 60)
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A “Big-Step” Semantics

(skip, s) — s

(co,s) — §"

bs (co,s8) — & —bs (c1,8) — &

(if b then cy else c1,s5) — s’  (if b then ¢j else c¢1,s) — &’

—bs bs (c,s) — s (while b do ¢,s") — &

(while b do ¢,s) — s (while b do ¢, s) — ¢




Formalised Language Semantics

Com.thy
WO ZXA4Pr Y Hg. . 0w < o F
text {* The big-step execution relation @{text evalc} is defined inductively *}

inductive

evalc :: [0,0,60] 60)
where

Skip:
| Assign:

Semi:

IfTrue:
IfFalse:

WhileFalse:
WhileTrue:

lemmas evalc.intros [intro] --

-u-:--- Com.thy 17% L24 (Isar Utoks Abbrev; Scripting )
Wrote /Users/1pl5/Dropbox/ACS/8 - Operational Semantics/Com.thy




Formalised Language Semantics

an inductive predicate
with special syntax

Nt evalc} 1s defined inductively *}

inductive

evalc :: "[com,state, state] = bool” (", 0/ — " [0,0,60] 60)
where

Skip:
| Assign:

Semi:

IfTrue: b :
IfFalse: "

WhileFalse: " b
WhileTrue:

-u-:--- Com.thy 17% L24 (Isar Utoks Abbrev; Scripting )
Wrote /Users/1pl5/Dropbox/ACS/8 - Operational Semantics/Com.thy




Formalised Language Semantics

0006 an inductive predicate

ool SN B ¥ with special syntax
text {* The big-step~€xecution relation @{t\t evalc} is defined inductively *}

—_~

inductive

evalc :: "[com, state,state] = bool” (", )/ — " [0,0,60] 60)
where

Skip: "(SKIP,s) ~ s"
| Assign: "(x == a,5) — s(x = a s5)"

Semi: "{c@,s) =~ s'"" = (cl,s"") ~s' = (c@; cl, s) ~ s""

IfTrue: "b s = (c@,s) -~ s' = (IF b THEN c@ ELSE c1, s) ~ s""
IfFalse: "b s = {(cl,s) ~ s' = (IF b THEN c@ ELSE c1, s) ~ s'"

WhileFalse: "~b s = (WHILE b DO c,s) ~ &"
WhileTrue: '"b s = (c,s) ~ s'" = (WHILE b DO ¢, s’
=> (NHILE b DO c, s) ~ s'"

lemmas evalc.intros [intro] -- "use those rules in automatic proofs”

declare as introduction rules

-u-:--- Cc ev; Scripting )
Wrote /Use :fOI’" aui;o and blaSt antics/Com. thy
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Rule Inversion

e When (skip, s)— s’ we know s = s’

® When (if b then ¢ else c1, s)— s’ we know
e band <{co,s)— s, 0.
e aband (ci,s)— s’

® This sort of case analysis is easy in Isabelle.




Rule Inversion in Isabelle

Com.thy
WO X 4P Y. 00w = 6 F

ases skipE [elim]:
ases semiE [elim]:
“ases assignE [elim]:
~ases 1fE [elim]:

es whilekE [elim]:

-u-:--- Com.thy 53% L48 (Isar Utoks Abbrev; Scripting )
[(SKIP,?s) ~ ?s"; ?s' = 7?5 = 7?P] = 7P

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)




Rule Inversion in Isabelle

name of the new lemma VSRR R X .

inductive_cases skipE [elim]:
inductive_cases semiE [elim]: ,
inductive_cases assignkE [elim]: "(x :
inductive_cases ifE [elim]: |
inductive_cases whileE [elim]:

-u-:--- Com.thy 53% L48 (Isar Utoks Abbrev; Scripting )
[(SKIP,?s) ~ ?s"; 728" = ?s = 7?P] = 7P

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)




Rule Inversion in Isabelle

name of the new lemma PR Y™ declared as an elimination

|

rule to auto and blast

inductive_cases skipE [elim]: "(SKIP,s) ~ s'"

inductive_cases semiE [elim]: "(c@; cl, s) — s'"
inductive_cases assignkE [elim]: "(x :== a,s) — s'"
inductive_cases ifE [elim]: "(IF b THEN c@ ELSE cl1, s) ~ s""
inductive_cases whilek [elim]: "WHILE b DO c,s) — s'"

-u-:--- Com.thy 53% L48 (Isar Utoks Abbrev; Scripting )
[(SKIP,?s) ~ ?s"; ?s' = ?s = ?P] = 7P

"/

A

4

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)-----=--cccecmaeaaa-
/4




Rule Inversion in Isabelle

name of the new lemma PUEES # declared as an elimination

el

rule to auto and blast

inductive_cases skipE [elim]:

inductive_cases semiE [elim]:

inductive_cases assignk [elim]: "(x :

inductive_cases ifE [elim]: "( NN c@ ELSE c1, s) ~ s'"
inductive_cases whileE [elim]: "WHILE b IN c¢,s) — s'"

(skip, s)— s’ implies s = s’

-u-:--- Com.thy 53% 448 (Isar Utoks Abbrev; Scripting )
[(SKIP,?s) ~ ?s"; ?s' = ?s = ?P] = 7P

"/
A

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)---------------—-—--

/
e




Rule Inversion in Isabelle

name of the new lemma PEEEr: B declared as an elimination
|
rule to auto and blast

inductive_cases skipE [elim]:

inductive_cases semiE [elim]:

inductive_cases assignk [elim]: "(x :

inductive_cases ifE [elim]: ' \
inductive_cases whileE [elim]: "WHILE b IN c¢,s) — s'"

(skip, s)— s’ implies s = s’

-u-:--- Com.thy 53% 448 (Isar Utoks Abbrev; Scripting )
[{(SKIP,?s) ~ ?s"; ?s' = ?s = ?P] = 7P

the typical format of an
elimination rule

"/
A

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)--------------—-—---

/
e




Rule Inversion Again

» Com.thy

QO X 4P XG4 .00 < 6 F

P ™ .

ive_cases skipE [elim]:
Lve_cases semiE [elim]:
Lve_cases assignk [elim]:
ive_cases 1fE [elim]:
Lve_cases whilek [elim]:

=i =
Oy O

-

(-
NOn0non
+ ot ot ot ot

(-
1 Sy W S W S W S W W
[ 4 [ 4 [ 4 [ 4 [ 4
) - ) - ) - ) - ) -

-
‘o

-u-:--- Com.thy 53% L49 (Isar Utoks Abbrev; Scripting )

[(?c0.0; 7c1.0,?s) ~ ?s"; As''. [{(?¢c0.0,?s) ~ s'"; (?¢c1.0,s"") ~ ?s'] = 7Pl
= 7P

-u-:%%- *response* All L2 (Isar Messages Utoks Abbrev;)




Rule Inversion Again

OO O

QO ZE 4P Y .o O

» Com.thy

L

.
-

inductive_cases
1nductive_cases
1nductive_cases
inductive_cases
inductive_cases

Com. thy

skipE [elim]:
semiE [elim]:

assignE [elim]:

ifE [elim]:
whileE [elim]:

53% L49

"(SKIP,s) ~ s'"
"(c@; cl1, s) ~ s""

"(X :== a,s) = s""
"({IF b THEN c@ ELSE cl1, s) ~ s'"
"(WHILE b DO c,s) ~ s""

(Isar Utoks Abbrev; Scripting )

II(?C@-@; ?Cl.@,?s) ~ ?S'; AS".

[(7c0.0,?s) ~ s'"; (?2c1.0,s"") ~ ?s'] = 7P|

= 7P

expresses the existence of
the intermediate state, s’

"/
A

v

(Isar Messages Utoks Abbrev;)----------cc-eooem--
4

-u-:%%- *response* All L2




A Non-Termination Proof

(while true do ¢, s) /4 s’

The inductive version considers
all possible commands
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A Non-Termination Proof

(while true do ¢, s) /4 s’

This formula is not provable by induction!
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A Non-Termination Proof

(while true do ¢, s) /4 s’

This formula is not provable by induction!

Vc'.c # (while true do ¢)

The inductive version considers
all possible commands




Non-Termination in Isabelle

N ™

o Isabelle Proof General: Com.thy
VOEI AP Y IHEG. O =0 P

lemma while_never:
apply (induct rule: evalc.induct)
Papply auto
-u-:**-  Com.thy 51% L60@ (Isar Utoks Abbrev; Scripting )
goal (7 subgoals):
1. As. SKIP # WHILE as. True DO cl
2. A\x a s. x :==a # WHILE as. True DO cl
3. Ac@ s s''" cla s’.
[{c@,s) ~ s'"; c@ # WHILE As. True DO cl; {(cla,s'') ~ s';
cla # WHILE As. True DO ci]
= (c@; cla) # WHILE as. True DO cl
. Ab s c@ s' cla.
[b s; {(c@,s) ~ s'; c@ # WHILE as. True DO cil
= IF b THEN c® ELSE cla # WHILE As. True DO cl
. Ab s cla s' c@.
[- b s; {(cla,s) ~ s'; cla # WHILE as. True DO cil
= IF b THEN c® ELSE cla # WHILE As. True DO cl
. A\b s c. ~bs = WHILE b DO ¢ # WHILE as. True DO cl
. A\bscs'"s".
b s; {c,s) ~ s""; ¢ # WHILE As. True DO c1; (WHILE b DO c,s'') ~
WHILE b DO c¢ # WHILE As. True DO cil
= WHILE b DO ¢ # WHILE As. True DO cl

-u-:%%- *goals* 2% L4 (Isar Proofstate Utoks Abbrev;)




Non-Termination in Isabelle

® OO0 Isabelle Proof General: Com.thy 7 SUbgoa’IS’ one for eaCh
QX 4P YrGg. 0w = 3 rule of the definition

lemma while_never: "(c, =) — : =WHILE (As. True) DO cl"
apply (induct rule: evalc.iné
Papply auto
-u-:**- Conm - 51% L60 (Isar Utoks Abbrev; Scripting )
goal (7 subgoals):
1. As. SKIP # WHILE As. True DO cl
2. Ax a s. x :==a # WHILE as. True DO cl
3. Ac®@ s s'"" cla s'.
[{c@,s) ~ s'"; c@ # WHILE As. True DO cl; {(cla,s'') ~ s';
cla # WHILE As. True DO cil
= (c@; cla) # WHILE as. True DO cl
. A\b s c@ s' cla.
[b s; {(c@,s) ~ s"; c@ # WHILE as. True DO ci]
= IF b THEN c@ ELSE cla # WHILE As. True DO cl
. Ab s cla s' 0.
[- b s; {(cla,s) =~ s'; cla # WHILE As. True DO ci]
= IF b THEN c@ ELSE cla # WHILE As. True DO cl
. A\b s c. ~bs = WHILE b DO ¢ # WHILE as. True DO cl
. Nbscs'"" s".
[b s; {c,s) =~ s""; ¢ # WHILE As. True DO c1; (WHILE b DO c,s"") ~ s';
WHILE b DO c¢ # WHILE As. True DO cil
=> WHILE b DO c¢ # WHILE aAs. True DO cl

-u-:%%- *goals* 2% L4 (Isar Proofstate Utoks Abbrev;)




Non-Termination in Isabelle

®0 0 Isabelle Proof General: Com.thy 7 SUbgoa’IS’ one for ea’Ch

QO E 4> Y .o O = _‘ rule of the definition

lemma while_never: "(c, s) ~ u = _NWHILE (is. True) DO cl1” 5 1

apply (induct rule: evalc.inds Most are tl"IVIal,
Papply auto i
-u-:**-  Com, thy 51% L60 i W Rty by distinctness

e

goal (7 subgoalse— "
1. As. SKIP # WHILE As. True DO cl
2. A\x a s. x :==a # WHILE as. True DO cl
3. Ac@ s s'"'" cla s'.
[{c@,s) ~ s'"; c@ # WHILE As. True DO cl; {(cla,s'') ~ s';
cla # WHILE As. True DO ci]
= (c@; cla) # WHILE as. True DO cl
. Ab s c@ s' cla.
[b s; {(c@,s) ~ s"; c@ # WHILE as. True DO ci]
= IF b THEN c® ELSE cla # WHILE As. True DO cl
. Ab s cla s' c@.
[- b s; {(cla,s) =~ s'; cla # WHILE As. True DO ci]
= IF b THEN c@ ELSE cla # WHILE As. True DO cl
. Absc. ~bs = WHILE b DO ¢ # WHILE As. True DO cl
. A\bscs'" s".
[b s; {(c,s) =~ s""; ¢ # WHILE As. True DO c1; (WHILE b DO c,s"") ~ s';
WHILE b DO c¢ # WHILE as. True DO clil
= WHILE b DO ¢ # WHILE As. True DO cl

-u-:%%- *goals* 2% L4 (Isar Proofstate Utoks Abbrev;)




Non-Termination in Isabelle

®0O0 Isabelle Proof General: Com.thy 7 SUbgoa’IS’ one for eaCh

PO X 4> Y. 0w = _‘ rule of the definition

lemma while_never: "{(c, s) ~ u = _c*"WHILE (As. True) DO cl" >
apply (induct rule: evalc.inde Most are trivial,
Papply auto 7 e
—u-:%*-  Com.thy 51% L60 __(Isar—Htoks Abbrev; Scripting [Riio)ALe|qulalerng e
goal (7 subgoals »
1. As. SKIP # WHILE As. True DO cl
2. Ax as. x :==a # WHILE As. True DO cl
3. Ac@ s s'" cla s".
[{c@,s) ~ s'"; c@ # WHILE As. True DO cl; {(cla,s'') ~ s';
cla # WHILE as. True DO cil
= (c@; cla) # WHILE as. True DO cl
. A\b s c@ s' cla.
[b s; {(c@,s) ~ s"; c@ # WHILE as. True DO ci]
= IF b THEN c® ELSE cla # WHILE As. True DO cl
. Ab s cla s' 0.
[- b s; {(cla,s) =~ s'; cla # WHILE As. True DO ci] 58
—s IF b THEN c@ ELSE cla # WHILE As. True DO cl trivial for another reason
. A\b s c. ~bs = WHILE b DO ¢ # WHILE as. True DO
. Nbscs'"" s".
b s; {(c,s) =~ s""; ¢ # WHILE As. True DO (WHILE b DO c,s"") ~ s';
WHILE b DO c¢ # WHILE As. True DO cil
= WHILE b DO ¢ # WHILE As. True DO cl A

~\

-u-:%%- *goals* 2% L4 (Isar Proofstate Utoks Abbrev;)------------------
V4




Done!

Isabelle Proof General: Com.thy

QO Z 4P Y IHGg. .00 = o6 P

e OO

lemma while_never: "{(c, s) ~~ u = c¢ # WHILE (as. True) DO cl1"
apply (induct rule: evalc.induct)
apply auto

-u-:**- Com.thy 51% L59 (Isar Utoks Abbrev; Scripting )

proof (prove): step 2

goal:
No subgoals!

Top L1 (Isar Proofstate Utoks Abbrev;)----------ceeee---
Y/




Determinacy

ﬁ terminates, then this final state is unique.




Determinacy in Isabelle

N ™

(@) Com.thy

QX A4P Y HNEG.060 < 6 F

theorem com_det:

apply (induct arbitrary: u rule: evalc.induct)
apply blast+

-u-:**-  Com.thy 60% L62 (Isar Utoks Abbrev; Scripting )

1. As u. (SKIP,s) ~u = u = s

2. A xasu. X :=a,s) ~u=u=s(X:=as)

3. Ac@ s s"" cl1 s' u.
[{c@,s) ~ s""; Au. {(c@,s) ~u = u=5""; {(cl,s"") ~ s';
Au. (c1,8"") ~u = u=5"; (c@; cl,s) ~ ul
= U =5

4. Ab s c@ s' cl u.
[b s; (c@,s) ~ s'; Au. {(c@,s) ~u = u=5";
(IF b THEN c@ ELSE cl1,s) ~ ul
= U =5

5. Ab s cl1 s' c@ u.
[-bs; (cl,s) ~ s'; Au. {(cl,s) ~u = u =5s";
(IF b THEN c@ ELSE cl1,s) ~ ul
= uUu=-:5"'

6. Ab s cu. [ b s; (WHILE b DO c,s) ~ ul = u = s

7. NAb s cs'"" s'" u.
b s; {(c,s) ~s""; Au. {¢,s) ~u = u=s""; (WHILE b DO c,s"") ~ s";
Au. (WHILE b DO c,s'') ~ u = u = s'; (WHILE b DO c,s) ~ ul
= u=-:5"'

-u-:%%- *goals* 3% L5 (Isar Proofstate Utoks Abbrev;)




Determinacy in Isabelle

® OO

WO X 4 P Y » @ -2 O 9

theorem com_det: "(c,s) — t,=-TC,

apply (induct arbitrary: u rule: evalc.induct)
apply blast+

-u-:**-  Com.thy 60% L62 (Isar Utoks Abbrev; Scripting )

1. As u. (SKIP,s) ~ u = u = s
2. A xasu. x:=a,s) ~u=u=s(x:=as)
3. Ac@ s s"" ¢l s' u.
[{c@,s) ~ s""; Au. {(c@,s) ~u = u=5s""; (cl,s"") ~ s';
Au. (c1,8"") ~u = u=15"; (c@; cl,s) ~ ul
= u =5
. ANb s cOs'clu.
[b s; {(c@,s) ~ s'; Au. {(c@,s) ~u = u =5s";
(IF b THEN c@ ELSE c1,s) ~ ul
= u =5
. ANbscls'cO u.
[- b s; {cl,s) ~ s"; Au. {cl,s) ~u = u=5s";
(IF b THEN c@® ELSE c1,s) ~ ul
= u =5
. Abscu. [mbs; (WHILE b DO c,s) ~ ul = u = s
.ANbscs'"" s" u.
b s; {c,s) ~s""; Au. (c,s) ~u = u=5s""; (WHILE b DO c,s"") ~ s';
Au. (WHILE b DO c,s"") ~ u = u = s"'; (WHILE b DO c,s) ~ ul
= U =5
-u-:%%- *goals* 3% L5 (Isar Proofstate Utoks Abbrev;)




Determinacy in Isabelle

" Yala

@0@@:4»!»44,_(”7

theorem com_det: (C,s.

apply (induct arbltrary u rule: evalc. 1nduct)
apply blast+

-u-:**- Com.thy 60% L62 »~0toks Abbrev; Scripting )

1. As u. (SKIP,s) ~ u = u = s
2. A xasu. X :=a,s) ~u=u=s(X:=as)
3. Ac@ s s"" ¢l s' u.
[{c@,s) ~ s'"; Au. (c@,s) ~u=>u=5s""; (cl,s"") ~ s";
Au. (c1,s"") ~ u = u =5"; (c@; cl,s) ~ ul
= u =5
. ANb s cOs'clu.
[b s; {(c@,s) ~ s'; Au. {(c@,s) ~u = u =5s";
(IF b THEN c@ ELSE c1,s) ~ ul
= u =5
. ANbscls'cO u.
[- b s; {cl,s) ~ s"; Au. {cl,s) ~u = u=5s";
(IF b THEN c@ ELSE cl1,s) ~ ul
= u =5
. Abscu. [-bs; (WHILE b DO c,s) ~ ul = u = s
.ANbscs'"" s" u.
b s; {(c,s) ~s""; Au. {c,s) ~u = u=5s""; (WHILE b DO ¢c,s'"') ~ s';
Au. (WHILE b DO ¢,s"") ~ u = u = s"'; (WHILE b DO c,s) ~ ul
= u =5
-u-:%%- *goals* 3% LS5 (Isar Proofstate Utoks Abbrev;)




Proved by Rule Inversion

Com.thy

WO X 4P Y. 00w = 6 F

theorem com_det:

apply (induct arbitrary: u rule: evalc.induct)

apply blast+

-u-:--- Com.thy 65% L62 (Isar Utoks Abbrev; Scripting )

proof (prove): step 2

goal:
No subgoals!

Top L1 (Isar Proofstate Utoks Abbrev;)




Proved by Rule Inversion

OO0 0 s Com.thy
WO R 4P Y. 0w o 6P

theorem com_det: "{(c,s) - t = {(c,s) ~u = u = t"
apply (induct arbitrary: u rule: evalc.induct)
apply blast+
-u-:--- Com.thy

call blast multiple times
(here auto is too slow)

proof (prove): step 2

goal:
No subgoals!

N/

o
4

Top L1 (Isar Proofstate Utoks Abbrev;)--------ceceeeeem-
4




Semantic Equivalence

olole Isabelle Proof General: Com.thy

QO X 4P XG4 .00 < 6 F

subsection {*Equivalence of commands*}

text{*Two commands are equivalent if they allow the same transitions.*}

definition
equiv_c ::
where

-u-:--- Com.thy 57% L77 (Isar Utoks Abbrev; Scripting )
Wrote /Users/1pl5/Dropbox/ACS/8 - Operational Semantics/Com.thy




Semantic Equivalence

o BN &

Isabelle Proof General: Com.thy
WO R 4P Y. 0w o 6P _
subsection {*Equivalence of commands*} the infix syntax

We can even define

text{*Two commands are equivalent if they allga the same transitions.*}

definition
equiv_c :: "com = com = bool" (" ~ ")
where
"C(c ~c') = (¥ s'. ({c, s) ~s') = ({c", s) ~ s"))"

-u-:--- Com.thy 57% L77 (Isar Utoks Abbrev; Scripting )
Wrote /Users/1pl5/Dropbox/ACS/8 - Operational Semantics/Com.thy




Semantic Equivalence

OO O Isabelle Proof General: Com.thy

QO R 4P Y HEg . 0w < o f

We can even define

subsection {*Equivalence of commands*} the infix syntax

text{*Two commands are equivalent if they allp# the same transitions.*}

definition
equiv_c :: "com = com = bool" (" ~ ")
where
"(c~c¢")=((vss'". ({c, s) =s") = {{c", s) = s")"

It is trivially shown
to be an
equivalence relation

-u-:--- Com.thy 57% L77 (Isar Utoks Abbrev; Scripting )
Wrote /Users/1pl5/Dropbox/ACS/8 - Operational Semantics/Com.thy




Semantic Equivalence

o OO Isabelle Proof General: Com.thy

DT AP Y HEG O =0 P Ve can even define

subsection {*Equivalence of commands*} the infix syntax

text{*Two commands are equivalent if they allp# the same transitions.*}

definition

equiv_c :: "com = com
where

"(c ~c") =(¥s s'". (c, s)

lemna equiv_refl: It is trivially shown

e o~ o
by Cauto simp add: equiv_c_def) to be an

lemma equiv_sym: equivalence relation
"cl~c2 = c2 ~ cl”
by (auto simp add: equiv_c_def)

lemma equiv_trans:
"cl~c2 = c2 ~c3 = cl ~c3"
by (auto simp add: equiv_c_def)

-u-:--- Com.thy 57% L77 (Isar Utoks Abbrev; Scripting )
Wrote /Users/1pl5/Dropbox/ACS/8 - Operational Semantics/Com.thy




More Semantic Equivalence!

® ON Isabelle Proof General: Com.thy

WO R 4P Y. 0w o 6P

lemma equiv_semi:
"¢l ~cl' = 2 ~ c2' = (cl; c2) ~ (cl'; c2")"
by (force simp add: equiv_c_def)

lemma equiv_if:

"¢cl~cl' = c2 ~c2' = (IF b THEN cl1 ELSE c2) ~ (IF b THEN cl1' ELSE c2')"
by (force simp add: equiv_c_def)

-u-:**-  Com.thy 70% L1902 (Isar Utoks Abbrev; Scripting )

lemma
equiv_if:
[7¢1.0 ~ ?2c1'; 7c2.0 ~ ?2c2']
=> IF ?b THEN ?c1.Q ELSE ?c2.0 ~ IF ?b THEN ?cl' ELSE ?c2'

commands built from
equivalent commands are
equivalent

-u-:%%- *response* All L4 (Isar Messages Utoks Abbrev;)




More Semantic Equivalence!

® O N Isabelle Proof General: Com.thy

QO Z 4P Y IHGg. .00 = o6 P

lemma equiv_semi:
"cl~cl' = c2~c2' = (cl; c2) ~ (cl'; c2')"
by (force simp add: equiv_c_def)

lemma equiv_if:
"¢l ~cl' = c2 ~c2' = (IF b THEN cl1 ELSE c2) ~ (IF b THEN c1" ELSE c2')"
by (force simp add: equiv_c_def)

shorthand for a one-line proof

-u-:**-
lemma
equiv_if:
[7¢1.0 ~ ?2cl1'; ?2¢c2.0 ~ 72c2']
= IF ?b THEN ?c1.0 ELSE ?7c2.0 ~ IF ?b THEN ?cl' ELSE ?c2’

; Scripting )

commands built from
equivalent commands are
equivalent

A

4

-u-:%%- *response* All L4 (Isar Messages Utoks Abbrev;)-----=--cccecmaeaaa-
/4




And More!!

, P ~

/o) Isabelle Proof General: Com.thy

QX A4P Y HNEG.060 < 6 F

lemma unfold_while:
by (force simp add: equiv_c_def)
lemma triv_if:

by (auto simp add: equiv_c_def)

-u-:**- Com.thy 77% L1904 (Isar Utoks Abbrev; Scripting )
lemma triv_if: IF ?b THEN ?c ELSE 7c ~ ?c

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)
Auto-saving. . .done




A New Introduction Rule

(¢,s) — s <= (c,s) — &

¢~

/
s and s not free. ..

Isabelle Proof General: Com.thy
O X 4 P Y 4 .- O e P
lemma equivl [intro!]:
by (auto simp add: equiv_c_def)

lemma commute_if:

by blast
87% L129 (Isar Utoks Abbrev; Scripting )
commute_if:

IF ?b1.0 THEN IF ?b2.@ THEN ?7c11.0 ELSE ?7c12.0 ELSE ?c2.0 ~ IF 7?b2.0 THEN I @
$F ?b1.0 THEN ?c11.0 ELSE ?c2.@ ELSE IF ?b1.@ THEN ?c12.0 ELSE ?7c2.0




A New Introduction Rule

(c,s) — s <= (c,s) = &

¢~

/
s and s not free. ..

NN ™S

Isabelle Proof General: Com.thy

QO X 4P XY HEg. o0 < 6 F

formalised like this

lemma equivl [intro!]:
by (auto simp add: equiv_c_def)

lemma commute_if:

by blast

87% L129 (Isar Utoks Abbrev; Scripting )

commute_if:
IF ?b1.0 THEN IF ?b2.0 THEN ?7c11.0 ELSE 7c12.0 ELSE 7c2.0 ~ IF ?b2.0 THEN I =
$F ?b1.0 THEN ?c11.0 ELSE ?c2.0 ELSE IF ?b1.@ THEN ?c12.0@ ELSE ?c2.0




A New Introduction Rule

(c,s) — s <= (c,s) —

/
s and s not free. ..

¢~

declared I|ke thls Isabelle Proof General: Com.thy
SELT Y fh o = 6 F . : )
formalised like this

S

Iemma equ1vI [1ntro']
by (auto 51mp add equ1v C def)

lemma commute_if:

by bIasf

87% L129 (Isar Utoks Abbrev; Scripting )

commute_1if:
IF ?b1.0 THEN IF ?b2.@ THEN ?c11.0Q ELSE ?7c12.0 ELSE ?7?c2.0 ~ IF ?b2.0 THEN I =
$F ?b1.0 THEN ?c11.0Q ELSE ?c2.0@ ELSE IF ?b1.@ THEN ?7c12.@ ELSE ?7c2.0




A New Introduction Rule

(c,s) — s <= (c,s) —

/
s and s not free. ..

¢~

declared like thIS Isabelle Proof General: Com.thy
L L A ! "‘ ﬂ J";' 0 w = O ! . . (3
formalised like this

A

1emma equ1vI [intro!]:
"(As s'. (¢, s) =s"=(", s) =s'") = c~cc""
by (auto 51mp add: equiv_c def)

lemma commute_if:
"C(IF bl THEN (IF b2 THEN cl11 ELSE c12) ELSE cZ

(IF b2 THEN (IF bl THEN cl1 ELSE c2) ELSE (IF bl THEN cl12 ELSE c2))"
by blast

~u=:===_ Com. thWs =l Nspo]/{a 1)/ [1:GRHa[KY Abbrev; Scripting )

lemma
commute_if:
IF ?b1.0 THEN IF ?b2.0 THEN ?c11.0 ELSE ?7c12.0 ELSE ?¢c2.0 ~ IF ?b2.0 THEN I =@
¢«F ?b1.0 THEN ?c11.0 ELSE ?c2.0 ELSE IF ?b1.@ THEN ?c12.@ ELSE ?c2.0
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® Variable binding is crucial in larger examples, and
should be formalised using the nominal package.

* choosing a fresh variable

* renaming bound variables consistently




Final Remarks on Semantics

® Small-step semantics is treated similarly.

® Variable binding is crucial in larger examples, and
should be formalised using the nominal package.

* choosing a fresh variable
* renaming bound variables consistently

® Serious proofs will be complex and difficult!




